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Effects of pZ Oscillating Torsional 2ouple

on the Contact Surfacep of Elastic Spheres

Introduction

The problem of two elastic bodies in Hertz contact subjected to a

monotonically increasing torsional couple applied about the axis of 5yM-
(I)

metry of the system was first considered by Mindlin who found that,

in the absence of slip on the interface, the tangential traction rises to

infinity on the elliptic boundary of contact. The torsional contact of

two like spheres was reexamined by Lubkin (2) who made allowance for the

occurrence of slip.

The present paper extends the Lubkin solution to the case in which

the normal force is held constant while the torsional couple, after having

reached a certain value, decreases, and to the case in which the torsional

couple oscillates between fixed amplitudes. In the latter, the curve re-

lating twisting moment to angle of twist forms a closed loop, the area of

,hich represents the frictional energy dissipation per cycle. For small

amplitudes, this energy loss is found to vary as the cube of the twisting

moment. The solution is, strictly speaking, valid only for small amplitudes

of the applied moment, because of an approximation made at the start. Prac-

tically, however, it is good over a large portion of the permissible range

of moment-normal force ratios.

(1) R. D. Mindlin, "Compliance of Elastic Bodies in Contact," J. Appl.
Mech., Vol. 16, 1949, pp. 259-268.

(2) J. L. Lubkin, "The Torsion of Elastic Spheres in Contact," J. Appl.
Mech., Vol. 18, 1951, pp. 183-187.
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An approximate expressi. Is obtained for the torsional compliance

which depends upon the past history of loading. The initial value of the

compliance during the first loading process it found to be the same as

given in reference (1).

Summary of Previous Work

The Hertz problem for two like spheres (3 ) predicts a plane, circular

contact surface of radius

where N is the normal force, f the radius of the spheres, and -3

in which / and E are Poisson's ratio and Young's modulus, respectively, of

the material.
/

The distribution of normal traction on the contact surface is given by

r V 3 a (2)

where / is the radial distance from the center of the contact surface.

If, now, an additional moment ( M ) is applied about the axis of

normal contact, and if it is assumed that no slip occurs, symmetry considera-

tions lead to the conclusion that no normal component of traction is induced

and that the entire contact surface rotates as a rigid body with respect to

a distant point of one of the spheres. The situation is thus reduced to a

mixed boundary value problem in elasticity. With a system of cylindrical

coordinates whose origin is at the center of the circle of contact and the

(3) S. Timoshenko and J. N. Goodier, Theory of Elasticity, (McGraw-Hill

Book Company, New York, 1951), p. 372.
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z-axis along t he axis of symnmtry of the two spheres, the boundary condi-

tions are: on the contact surface, the normal component of traction

0. (zero) and the tangential component of displacement c4 (proportional to

the distance from the origin) are given. On the remainder of the surface

of the sphere, approximated as plane, the three components of traction

r ' 1 , 9 - (all zero) are given. Solution of this problem (1) gives

the shearing stress z, on the contact surface,

(-"(3)

and the torsional compliance of a single body

C/3

where 9 is the angle of rotation of the contact surface with respect to a

distant point in the body Z 0 C , and IM is the shear modulus of the

material.
/

Since 'r becomes infinite on the boundary of the contact circle, slip

must result from an applied twisting moment, no matter how small. It may be

expected to start at the edge of the contact surface where the singularity

occurs, and, because of the radial symmetry of V , to progress radially

inward on an annulus. Further, it is assumed that, on the annulus of slip,

Z = Pr- , where f is a constant coefficient of friction, and that it

does not exceed this value elsewhere. On account of symmetry, the rigid

rotation remains unaffected for the region over which no slip has occurred

(the "adhered" portion). This gives rise to another mixed boundary value

problem in elasticity. The normal component of traction 0. (zero) and the

tangential component of displacement 14, (proportional to the distance from

-3-
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the origin) are given on the adhered portion and the traction is given over

the remainder of the boundary ( Z 15 on the annvlus

of slip and all componeLts of traction zero outside). Solution of this

problem( 2 ) yields the shear stressI" _ (aa4- IIa'

1] (5)

where c is t e inner radius of the annu.us, ' c/o. , A ( - K< V .d

#t (' ,) Sz axe inonplete elliptic integrals of the first and

a e'od[-nkinrd, apeotively1-of- modulus A ,' =d amplitude

and ADc) is a tabulate d ( 4 ) oc plete elliptic integral, of modulus- 9,

Here, It and 1E are, respectively, the complete elliptic integrals of

the first and second kir4, of modulus K. . A cross-section of the dimtribu-

tion of rV is illustrated by curve 4 A 0 in Figure 1.

The relation between the applied moment and the inner radius of slir

is given by the condition of equillbriur

(4) E. Jahnke and F. aunde, Tables of Functions, (Dover Publicaticns,
New York, 1945), pp. '7 and 83.



Hence,

7 ?-

(8)

Fther, the relation between the angle of twist and the inner radius of

slIp is

Equations (8) and (9) express, implicitlyq the relation between the applied

twisting moment and the resulting angle of twist. -This is represented

graially by curve OPF in Figure 2, hae value of the moment, at whiob

slip ocrs over the entire contact surface, i.e,, sliding is imitiated, is

hIfNa r. 37r//6 This correspons to an itfni.e value of the angle

of twist.

II

In what follows it will be necessary to have explicit and rt'ersible

relations between mach pair of the three quantities: inner radius of the

slip annulus, twisting moment and angle of twtit. 7his is manife~tly



impossible for the exact solution [Eqs. (8) and (9) Let us, herefore,

confine our efforts to the range of small MNa i.e., : / .

Because of the divergence of the two integrals in Eq. (8) for /,

all efforts to express M of Eq. (8) as a pol~nmial in 4 have been u.n-

successful. For this reason the equation for M has been obtained in a(5)

different form. Starting with the following expression for t(

r " a K X

inserting it into the oo~ditiom of equilibrium~ q(),F ~ sn h o~er

--of-inti-gration, and noti ht6

/ -

J7 Ae . .3K

we find

(5) in reference (2), insert Eq. (47) into Eq. (36). The a' is here

replaced by C.

(6) L. Potin, Forniles et Tables N.mriquesj (3authier-illars, Faris,

1925), PP. 712,713.

-6-



7is ex'ressi.-n is easily expanded ir, a sower series in w with tSe

result

p.2)

Table 1. copares the values of M/fN4 1 calculated by retaining two and

three terms in the expansion, Eq . /1.2 with .he exact values tabulated in

reference (2).

Table I,

-J ao !-:e~rm ror 2-term Err

1 00
0.95 1.0975 0,0938 0.09392 0.1 0.-93 9 0.I
0 9 0,19 0.1764 0,17616 0 0.17646 o
0.85 0.2775 0.4S 0.24829 0 C.24862 0.2
0.8 0.36 0,3105 031067 0.. 0.3 1140 0.I
0.7 0.5!. O40O 0,41139 0,5 0.41.46 1,0
0.6 0,64 0,4805 0. 48230 0,.4 0,48640
0.5 0.75 0,5286 0,53247 0.7 O,53906 2.0
0.4 0.84 0.5592 0.56613 1.2 C,57540 2.9
0.3 0.91 0.569 0.58768 1.9 C. 5946 3.9
0.C2 0.96 0.5855 0.60058 2.6 O,6140 4,9

0 1 0.5890 ,60917 3.4 0.62500 6.1
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airtilar expansion of in Eq. (9) yields

but its use must be confined to sall 9 , since the expression in -t. (9)

diegsfr xc and approximate values of A i//V arm

cornpared in Table i1.

Table II.

.Atera Err 2-e %Error
-. 9-'terfn xo Approx.

1 0 0 0 00
0.95 Of. 975 0.01,90 0.01899 0 0101e95 0.1
0.9 0.19 0.0385 0.01847 0.1 0.03817 - 1.0
0.83 0,2775 0.0586 0,058'38 0.4 0,0574.4 2.0
0.8 0.36 0.0794 0.07866 :.9 0,07661 .
0.7 0.51 0.224 0.11 75 2.9 0.113;2 7,7
0.6 Mi 0.1716 0.16527 3.7 0,153-75 10i4

I !n view' of th e g'reat complications arising fror, employin~g three or

jmore tes in the expaniona, Eqs. (12) and (13 ), we conf ine o'zselves to

two-ta approximations. A short omptutat i-r yields the o11ong relations

/r3 F. i exno (15)

-8-



(16)

(17)

Equation (17), which represents the explicit mment-twist relatin,

lead diraect7 to the torsional cmplia.ce

dr C7i~ 3 rp~ /-'7 (18)

-t-is seen that its initial value is the same as in Eq. (4).

Suppose, now, thatq after having reached a value M , such that

0 4. M/f NA < 1tr/4I , tbe twisting mment M is reduced. f slip

were prevented, the tangential component of traction r" would tend to

negative infinity on the boundary (o z a, Tnis conclusion is reached from

the solution of the appropriate boundary value problem in elasticity, as

descrifed in the uaction entitled - of Prr-oinu ',ork". Hence, slizh

opposite in sense to the initial slip, is presumed to start at nd. n

penetrate to a radius b , assumed, temporarily, to be of magnitude c a

On the annulus 6 Ee . ..-o. , so that the change of tangential

(7) The proce,.ure in this and +.he following sections was first enployed
in connection vith tangential cont-.act of two spheres. See
R. D. indlin, '. P. Mson, T, F. Oser and H. :zresiewicz, "Effects of an
Oscillating Tangential Force on the Contact 3urfaces of Elastic Sbheres,
Pre. Ist U. ^. Nat'l. Cong. Appl. Mech, (1951), pp. 203-208.
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traction is - o. Since no aditional slip occurs on the surface 6

the chance of z.isplacement in that region must be that of a rigid body rota-

tion. Thus, the change die to reduction of /7 presents a bounary value

problem in elasticity identical in for-. with that solved in reference (2).

Hence, by analogy with Eq. (5)9 the change !.n traction is

[ F

where 9. , K. and I are obtained from K , and ( , respectively, 1y

replacing C-by I . his distribution is illustrated by curve 4A - I

Figure 1.

!ne resultant traction aocorpanying a reduction in I is obtained by

aiding the initial traction, Eq. (5), and the char.e, Eq. (19), with the

resulti
0.

- - -) -+ * A - (20)2 Fr

where Ab stands for the bracketed expression in Eq. (19) and A. for a

similar expression in Eq. (5). The traction profile is illustrated by curve

a DEC in Figre 1.

The condition of equilibriumt Eq. (7), yields, upon manipulation des-

cribed in the section entitled "Approximate Fornulas 9

-I



I

- ±L 2.f1 - ( #~3b a~y](21)
.3

Noting, from Ea. (14), that the first term on the rie.t-hand side of Eq. (21)

is the initial torsional ment f'~, the inner radius of the annulus of

counter-slip is
.... /-f _

fto~ k(22)

Thus, as long as -M '. M M the assumption < 6 b o. is valid,

r?.en i - M,'i i,e,, when the twisting moment is 'lly reversed, 6 = c)

i.e, counter-slip has penetrated to the depth of initial slip. At the same

ti7e, Ese. (2:) reduce to Eqs, (3) with signs reversed, The traction is then

distri uted Just as the initial traction at l Mop was 9 t wAith opposite

sense, Mhe situation is the same as if no positive MI had ever been ap;lied,

but only a negative M of magnitude M*.

The associated rotation of the adhered portion is found b7 a similar

process of sup-erpsition. First, the change in angle of twist is obtainc-. cy

multiplying Eq, (16) by -2 and replacing C bzy b as given in Eq. (22). The

initial twist is given by Eq, (16) in .tich the value of c is found from

Eq. 1'.5) wherein /M is replaced by /M'1 The resultant angle of t.ist,

given boy the sur of the two, is ;iven by

2.. a2

/223
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i

The rellatis betwcer, twisting-m-nent and anile :f tist is iI'istrated ' the

f"ll lines OP 5 in Fig.re 2.
The co-~lianoe for unloading .s

Thus, Ihe initial conrllance on unloading M i in Eq, (24 , ' is the

sa- e as t he initial conliance on load4ing 0 i r., . 8, nat is,

in Figure 2, the slope of ? at P is the same as the slon.e of OP at 0,

When M has been reduced froe M to zero, there is a pernanent set

,.ven ty OR in igure 4, the -_ganitude or which is obtained -y setting M MO
in Z. ,23). The accompanying traction is not zero but is a self-eoaulibrating

distriution obtained by setting

i~o.3

in Eqs. Z2).

,4en A has been reduced to -M, the twist has reache,4 the negative

of the twist at M z M (i.e., the abscissa of 5 in Figre 2 is the negative

of the Rbscissa of P ) and the compliance is identical with that of curve OP

at M , f r ence, the urnoading curve PR_ is tangent, at 5 , to the

centra. cerversion, OS , of the loading curve OP,

Osaillatita Torsional M.ont

Ln the .receding section , the entire situation at M r- -M is Ident::a.l

,i th tha * at M % M except for reversal of sign, Eence, a subsequent in-

crease of t-i from -M to M will be acconoapnied by the same events as

-12-



occurred aiu=ing the decrease from N to -M , except for reversal of

sign. Thus, ir starting along 5U I Figure 3, the coplianoe at 5 is the

sa_- aF the compliance of PR at F' . Slin again starts at J = t in the

sa.e sense as occ;rrcd alon path OP . At 9. intermediate zoint of 5L) the

traction will be like aD6 I Figure 1, with sign reversed. Ahen the twist-

ing noent once more reaches O, will again have penetrated to C and the

traction il.l e exaotly a AO, ?I:.Le 1,

The t'iet along path SUP is

AV (- I ,,iso that~

A 1Jdi 4/*()
-2 PE1

Henoe, when M I" *, the terninal points P of SUP and P of OP (Figure 3

are identical, i may be seen by conparing q. (25) with Eq. (17) for that value

o± 1,

Subsequent diminution of M will then prouce a repetition of the

events acco-panying the first diminution.

:t is no evident that, d,.ring .sciilation of M between ±b , with

N maintained constant, the torque-twist curve traverses the loop SU P,

Figure 3.

The area enclosed in the loop Eives the frictional energy loss per

cycle :

- If, o) *(,,

-13-
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For E'I/N < I , Eq. (26) reduces to

M 43

S(27)

i.e, the energ loss per cycle varies as the cube of the r-xinuLm torsicral

ozen . I is interesting to note the close correspondence between sciia r.

torzoinal co.tact and oscillating tangential contact of two spheres, 7n the

latter case, for snplitudes of tangential force small in comparison with JS

the energy loss per cycle is equal to

6, fN (26)

where is the raimum tangentis. fore.

f]4
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